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We derive one-dimensional effective Hamiltonians for spin-orbit coupled Fermi gases confined in
quasi-one-dimensional trapping potentials. For energy regime around the two-body bound state en-
ergy, the effective Hamiltonian takes a two-channel form, where the population in transverse excited
levels are described by dressed molecules in the closed channel. For energy regime slightly above
the continuum threshold, the effective Hamiltonian takes a single-channel form, where low-energy
physics is governed by the one-dimensional interacting strength determined by three-dimensional
scattering length and transverse confinement. We further discuss the effect of spin-orbit coupling
and effective Zeeman field on the position of confinement-induced resonances, and show that these
resonances can be understood as Feshbach resonances between the threshold of the transverse ground
state and the two-body bound state associated with the transverse excited states. We expect that
the shift of confinement-induced resonances can be observed under present experimental technology
at attainable temperatures.
PACS numbers: 03.75.Ss, 03.75.Lm, 05.30.Fk
I. INTRODUCTION
The recent experimental realizations of synthetic spin-
orbit coupling (SOC) in ultracold Fermi gases have paved
a new route towards the investigation of exotic phenom-
ena in spin-orbit coupled Fermi systems [1–3]. A con-
siderable amount of effort has been devoted to the char-
acterization of multiple exotic superfluid phases, which
can emerge in various configurations of dimensionality
and forms of SOC [4–22]. Among these works, the in-
vestigation in low-dimensional systems is of particular
interest, partly due to the possibility to stabilize vari-
ous exotic, in many cases topologically nontrivial, pair-
ing states. Specifically, in a two-dimensional (2D) Fermi
gas with Rashba SOC and out-of-plane Zeeman field,
it has been shown that a topological superfluid state
can be stabilized, and support topologically protected
edge states and Majorana zero modes at the cores of
vortex excitations [8–14]. For a 2D Fermi gas with a
one-dimensional SOC which has been realized at Na-
tional Institute of Standard and Technology (NIST) [1],
nodal superfluid states with gapless excitations exist [15–
17]. Furthermore, it has been suggested that for a 2D
Fermi gas under NIST SOC and both in-plane and out-
of-plane Zeeman fields, finite center-of-mass momentum
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states become
the ground state of the system [16]. These FFLO states
are different from the conventional FFLO pairing states
in a polarized Fermi gas in that they are driven by SOC-
induced spin mixing and transverse-field-induced Fermi
surface deformation [18–21]. In one dimensional (1D)
Fermi gases, it has been also proposed that a topologi-
cal superfluid phase can be stabilized under NIST-type
SOC, where Majorana modes are present at the edge of
∗Electronic address: wzhangl@ruc.edu.cn
the system [22].
In the context of cold atomic gases, the physics in low
dimensions is usually studied in quasi-low-dimensional
configurations, where strong confinements are applied
along one or two spatial dimensions and the low-energy
physics of the underlying system can be safely described
by an effective low-dimensional Hamiltonian. However,
such a low-dimensional effective Hamiltonian can not be
obtained by simply projecting out all excited states along
the strongly confined directions. Indeed, since the inter-
atomic interaction potential range is usually orders of
magnitude smaller than the characteristic length scale of
strong confinement, the scattering process between two
particles inevitably involves these excited states and is
three-dimensional (3D) in nature. As a consequence, one
has to take into account all degrees of freedom and renor-
malize them in a proper way to extract a correct effective
Hamiltonian.
One way to obtain such an effective Hamiltonian is by
matching the two-body physics. The physical consider-
ation behind this procedure is that cold atomic systems
are usually prepared in the dilute limit, where the prop-
erties of the system are governed by two-body processes.
By matching solutions of a given two-body state, one can
obtain the effective low-dimensional Hamiltonian which
can mimic the original quasi-low-dimensional Hamilto-
nian within a certain range of energy around the eigenen-
ergy of the corresponding two-body state. Following this
procedure, Olshanii [23] focus on the scattering states in
quasi-1D geometry, and demonstrate that the scattering
processes can be well described by a 1D single-channel
model, where the effective 1D scattering resonance can
be tuned by either changing the 3D scattering length
or varying the transverse confinement, where the latter
scheme is then referred as confinement-induced resonance
(CIR). In a later stage, Kestner and Duan [24] investi-
gate the two-body bound states, and show that when the
two-body binding energy is comparable or exceeds the
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2transverse confinement, a single-channel model is not suf-
ficient to mimic the original system, and one has to rely
on a two-channel model with dressed molecular degrees
of freedom. In the presence of SOC, theoretical analy-
sis has been achieved for quasi-2D configurations with
Rashba SOC [25, 26], but is still lacking for quasi-1D
cases with NIST-type SOC.
In this manuscript, we investigate two-body problems
in a quasi-1D Fermi system with in-line SOC and trans-
verse Zeeman field, and obtain the effective 1D Hamil-
tonians for different energy regimes. For energy below
threshold, we match solutions of two-body bound states
and obtain the effective Hamiltonian in a two-channel
model form. This 1D model is suitable for the investiga-
tion on pairing phases in quasi-1D Fermi gases with SOC,
for the fermionic chemical potential in such a case is close
to one half of the two-body bound state energy in the
dilute limit. For energy around threshold, we match the
zero-energy scattering amplitude and obtain the effective
Hamiltonian in a single-channel form. We further ana-
lyze the effect of SOC and Zeeman field on the position
of confinement-induced resonances, which can be used to
create 1D systems in strongly-interacting limit. We note
that with the present technology, such a system is exper-
imentally achievable by implementing anisotropic traps
or 2D optical lattices together with NIST-type SOC.
The reminder of this manuscript is organized as fol-
lows. In Sec. II, we present our formalism for two-
body problems in quasi-1D configuration with NIST-type
SOC. In Sec. III, we analyze the two-body bound states.
Using these results, we then introduce an effective 1D
Hamiltonian which is suitable to investigate low-energy
physics around two-body bound state energy. For scat-
tering states at threshold, we also derive an effective 1D
Hamiltonian in Sec. IV, and determine the position of
CIR in the presence of SOC and effective Zeeman fields
in Sec. V. Finally, we summarize in Sec. VI.
II. TWO-BODY PROBLEMS WITH NIST-TYPE
SOC IN QUASI-1D TRAPPING POTENTIAL
We consider two spin-1/2 fermionic atoms with one-
dimensional SOC in a quasi-1D configuration. The free
Hamiltonian of this two-body system is given by
Hˆ0 = − ~
2
2m
(∇2r1 +∇2r2)+ U(r1) + U(r2)
+Hˆ1SOC + Hˆ
2
SOC, (1)
where m is the atomic mass, rj=1,2 ≡ (xj , yj , zj) de-
notes the spatial position of the j-th atom, and U(rj) ≡
mω2(y2j + z
2
j )/2 is the quasi-1D confinement within the
radial y-z plane with trapping frequency ω. The SOC
term takes the form
HˆjSOC = λp
(j)
x σ
(j)
x + hσ
(j)
z + hxσ
(j)
x , (2)
where p
(j)
x is the linear momentum along the x-axis of
the j-th atom, σ
(j)
i are Pauli matrices, λ is the intensity
of in-line SOC, h and hx are the effective Zeeman fields
along the transverse and axial directions, respectively.
We notice that such type of SOC has been successfully
implemented in Fermi systems using the NIST scheme,
where the transverse Zeeman field h and in-line field hx
correspond to the Rabi frequency of Raman lasers Ω and
the two-photon detuning δ, respectively [2, 3]. Since the
in-plane field hx is not crucial for generating the topolog-
ical superfluid phases [22], in our manuscript we consider
only the case of hx = 0 for simplicity. However, we stress
that all derivation and calculation can be easily generated
to cases with finite hx.
Due to the presence of SOC, the center-of-mass (CoM)
and relative degrees of freedom along the SOC direction
of the two-particle system is not separable. In fact, by
representing the quantum state of relative degree of free-
dom by a spinor wave function
|ψ(r)〉 = ψ↑↑(r)| ↑〉1| ↑〉2 + ψ↑↓(r)| ↑〉1| ↓〉2
+ψ↓↑(r)| ↓〉1| ↑〉2 + ψ↓↓(r)| ↓〉1| ↓〉2, (3)
the relative motion along the x-axis depends on the cor-
responding CoM momentum Qx, leading to the resulting
Hamiltonian
Hˆrel = −
∑
s=x,y,z
∂2
∂s2
+
1
4
∑
s=y,z
(s2 − 1)
+λ
∑
j=1,2
[
Qx
2
+ (−1)jkx
]
σ(j)x + h
∑
j=1,2
σ(j)z .(4)
where kx is the relative momentum along the x-axis.
Here, we adopt the natural unit with ~ = m = 1, and set
ω = 1 as the energy unit. We also drop the zero-point
energy of the transverse motion along the y and z direc-
tions for simplicity, since the relative and CoM degrees of
freedom remain separable along these axes. Without loss
of generality, we assume that the SOC intensity λ and the
effective Zeeman field h are real and positive definite.
The interaction effect between the two particles can
be analyzed by implementing the Bethe-Peierls boundary
condition in three dimensions
ψ ∝ (1/r − 1/as), r → 0. (5)
The validity of this boundary condition can be under-
stood by noticing the separation of energy or length
scales. In fact, The length scale associated with the
inter-particle interacting potential Re is in the scale of
10−9m. As a comparison, the characteristic length scales
associated with the transverse trap a⊥ and the spin-
orbit coupling aλ ≡ 1/λ are both in the scale of 10−6m,
which are several orders of magnitude larger than Re.
Thus, the presence of a transverse trap and SOC will not
alter the divergence behavior of scattering wave func-
tions. For sufficiently low energy, i.e. kRe  1, where
k is the relative wave vector between two particles, the
scattering is dominated by s-wave contribution, and the
behavior of the wave function at the inter-particle dis-
tance r  Re is determined by the 3D s-wave scattering
3length as, which is related to the scattering phase shift
as δs = − arctan(kas). Hence, to obtain the correct ex-
pression for the wave function at distance r  Re, which
is the regime we are interested in, we need to solve the
Shro¨dinger equation for the relative motion Eq. (4) un-
der the boundary condition Eq. (5).
To investigate the two-body scattering process in the
presence of SOC, we first define the single-particle spin
state for the j-th atom
(txσ
(j)
x + tzσ
(j)
z )|αj , t〉 ≡ αj |t||α, t〉, (6)
where t = (tx, tz) is a two-dimensional vector in the x-z
plane, and αj = ±1 denotes the helicity index. From
now on, we focus on the zero CoM momentum case with
Qx = 0 as a particular example, and note that the same
procedure can be easily extended to cases with finite Qx.
The two-particle spin state can be defined as
|(kx)〉 = |α1, (λkx, h)〉1|α2, (−λkx, h)〉2 (7)
with α ≡ (α1, α2) the shorthand notation. The incident
wave function with the proper symmetry thus can be
expressed in the following form
|ψ(0)c (r)〉 =
eikxx
2
√
pi
[|α(kx)〉 − |α′(−kx)〉]φ0(y)φ0(z), (8)
where φ0 is the ground state of a one-dimensional har-
monic oscillator, and α′ ≡ (α2, α1). In the rest of this pa-
per, we denote the scattering channel by c = (α, kx). The
eigen-energy corresponding to the incident wave function
can be obtained by a straightforward calculation, leading
to
ε = εc + (m+ n), (9)
where εc = k
2
x + (α1 + α2)
√
λ2k2x + h
2. One should no-
tice that in the presence of SOC, the threshold energy is
shifted from zero to a nonzero value
εth =
{
−2h, λ2 < h;
−λ2 − h2/λ2, λ2 ≥ h. (10)
As the scattering energy is low enough with εc−εth 
1/R2e, the wave function of the scattering state can be
expressed as [25, 27, 28]
|ψc(r)〉 ≈ |ψ(0)c (r)〉+
A(c)
φ0(0)2
G0(εc; r,0)|0, 0〉 (11)
in the asymptotic region with r & Re. Here, A(c) is a
coefficient to be determined, G0(εb; r, r
′) is the Green’s
function associated with the free Hamiltonian which de-
scribes the relative motion of the two colliding atoms
G0(η; r, r
′) =
1
η + i0+ − Hˆrel
δ(r− r′), (12)
and |0, 0〉 represents a spin singlet state
|0, 0〉 = 1√
2
(| ↑〉1| ↓〉2 − | ↓〉1| ↑〉2). (13)
Similarly, when the energy εb of the bound state is
close enough to the threshold with εth − εb  1/R2e, the
wave function |ψb(r)〉 of the two-body bound state can
be approximated as
|ψb(r)〉 ≈ BG0(εb; r,0)|0, 0〉 (14)
in the region of r & Re, where B is the normalization
constant. The coefficients A(c) and B in Eqs. (11) and
(14) can be derived by implementing the Bethe-Peierls
boundary condition (5). Specifically, by using the iden-
tity
δ(r− r′) =
∫ ∞
−∞
dkx
eikx(x−x
′)
2pi
(∑
α
|α(kx)〉〈α(kx)|
)
×
(∑
m,n
φ∗m(y
′)φm(y)φ∗n(z
′)φn(z)
)
(15)
and the relation
Hˆrele
ikxxφm(y)φn(z)|α(kx)〉
= (εc +m+ n)e
ikxxφm(y)φn(z)|α(kx)〉(16)
with φm the m
th eigenstate of a one-dimensional har-
monic oscillator, the behavior of the Green’s function
G0(η; r,0) at r → 0 can be obtained as
〈0, 0|G0(η; r,0)|0, 0〉 = 〈0, 0|g(η; r,0)|0, 0〉+ S(η, r).
(17)
The functions in the equation above are defined as
〈0, 0|g(η; r,0)|0, 0〉 =
∑
m,n
∫
dkx
eikxx
2pi
1
η + i0+ − (k2x +m+ n)
φ∗m(0)φm(y)φ
∗
n(0)φn(z), (18)
4S(η, r) =
∑
α′,m,n
∫ ∞
−∞
dk′x
eik
′
xx
2pi
|〈0, 0|α′(k′x)〉|2φ∗m(0)φm(y)φ∗n(0)φn(z)
×
[
1
η + i0+ − (εc′ +m+ n) −
1
η + i0+ − (k′2x +m+ n)
]
. (19)
The two terms on the right-hand-side of Eq. (17) can be
understood as follows. The first term is the Green’s func-
tion associated with the relative Hamiltonian as SOC is
absent, while the second term is the contribution induced
by the SOC. By substituting Eqs. (17-19) into Eqs. (11)
and (14), the scattering and bound states can be solved
under the Bethe-Peierls boundary condition Eq. (5), re-
spectively.
III. BOUND STATES AND THE
TWO-CHANNEL EFFECTIVE HAMILTONIAN
In this section, we focus on the energy regime be-
low threshold and investigate the two-body bound state
with eigen-energy εb. From Eq. (18), the behavior of
〈0, 0|g(εb; r,0)|0, 0〉 at vanishing r reads
lim
r→0+
〈0, 0|g(εb; r,0)|0, 0〉 = − 1
2pi
√−εb −F(εb),(20)
where F(εb) is defined as,
F(εb) = 1
23/2pi
lim
x→0+
∞∑
s=1
e−
√
s−εb/2
√
2x√
s− εb/2
. (21)
Here, we set the value of φ0(0) in Eqs. (18) and (19) to
be real and positive, leading to the following expressions
for |φ2m(0)|2 = Γ(m+1/2)/[piΓ(m+1)]. Besides, we also
utilize the identity
s∑
n=0
Γ(s− n+ 1/2)Γ(n+ 1/2)
Γ(s− n+ 1)Γ(n+ 1) = pi, for s = 1, 2, 3...(22)
to obtain the final form of Eq. (21).
The summation over s in Eq. (21) includes contribu-
tion from all transverse excited states, and it cannot be
interchanged with the limit of x→ 0+ since the summa-
tion is not uniformly convergent. By using the relation∫ ∞
0
exp(−√sξ)√
s
ds =
∞∑
s=1
∫ s
s−1
exp(−√s′ξ)√
s′
ds′ =
2
ξ
,(23)
we can finally obtain the behavior of 〈0, 0|g(εb; r,0)|0, 0〉
at vanishing r
lim
r→0+
〈0, 0|g(εb; r,0)|0, 0〉
=
−1
2pi
[
1
r
− C + L (−εb/2)√
2
+
1√−εb
]
, (24)
where the function L(ε) is defined as
L(ε) =
∞∑
n=1
(−1)n ζ(n+ 1/2)(2n− 1)!!ε
n
2nn!
= ζ
[
1
2
, 1 + ε
]
+
√
2C (25)
with C ≈ 1.0326 and ζ(s, a) is the Hurwitz Zeta function.
By using the identity Eq. (22), we can evaluate the con-
tribution to the Green’s function induced by the presence
of SOC, leading to
Sb(εb) ≡ lim
r→0+
S(εb, r) = 1
2pi
∞∑
s=0
b
Esb+ d
×
{√
2β − 2Es − b [2d− b (β − Es)]
4Esb+ b2 + 4d
−
√
−Es
}
,(26)
where β =
√
E2s − d, Es = εb− 2s, b = 4λ2 and d = 4h2.
By substituting Eqs. (24) and (26) into the bound state
wave function Eq. (14) and the Bethe-Peierls boundary
condition Eq. (5), one can easily reach
1
as
= −
(
ζ [1/2, 1− εb/2]√
2
+
1√−εb
)
+ 2piSb(εb).(27)
Notice that the effect of SOC is represented in the last
term on the right-hand-side of the equation above. In
fact, as the intensity of SOC goes to zero with λ → 0,
the function Sb vanishes and we retrieve the equation for
two-body bound states in the absence of SOC [23, 29].
With the knowledge of the two-body bound states we
have discussed above, next we derive the 1D effective
Hamiltonian, which can emulate the physics within the
energy regime around the two-body bound state energy
εb. This effective Hamiltonian takes a two-channel model
form, where the open channel describes fermions residing
on the transverse ground state, and the closed channel is
constructed by dressed molecules. The dressed molecules
are considered as structureless bosons, and are included
to incorporate all high energy degrees of freedom includ-
ing Feshbach molecules and fermions on transverse ex-
cited states. In the presence of SOC and effective Zeeman
field, the effective Hamiltonian can be written as
Hˆ2ceff = Hˆ
0
eff + Hˆ
cc
eff + Uˆeff , (28)
where the free Hamiltonian and the atom-atom interac-
5tion are represented as,
Hˆ0eff =
∑
k,σ
ka
†
kσakσ + λ
′∑
k
k(a†k↑ak↓ + a
†
k↓ak↑)
+ h′
∑
k
(a†k↑ak↑ − a†k↓ak↓). (29)
Uˆeff =
Vb
L
∑
k,k′
a†k↑a
†
−k↓a−k′↓ak′↑. (30)
Here, a†kσ (akσ) is the creation (annihilation) operator for
an atom with 1D momentum k and spin σ, and L is the
quantization length of the system. The threshold energy
is chosen as −1 to match the zero-point energy of the two
transverse directions in the original quasi-1D configura-
tion. The term involving the closed channel reads
Hˆcceff = δbd
†
0d0 +
αb
L1/2
∑
k
(
a†k↑a
†
−k↓d0 + H.C.
)
, (31)
where d†0 and d0 are the creation and annihilation oper-
ators for dressed molecules, respectively. Here, δb is the
detuning between open and closed channels, αb denotes
the atom-molecule interaction strength, and H.C. stands
for Hermitian conjugate.
The three bare parameters Vb, δb and αb are related to
the physical ones via a 1D renormalization
V −1c = −
∫
dk
(4pi)
1
k + 1
, Ω−1 = 1 +
Vp
Vc
Vp = Ω
−1Vb, αp = Ω−1αb, δp = δb + Ω
α2p
Vc
.(32)
Following the scheme in Ref. [26], we can reach[
Vb − α
2
b
δb − εb
]−1
= 2piσp(εb), (33)
where the function σ(εb) takes the form,
σ(εb) =
1
25/2pi
−
√
ε2b − d− εb
4pi
√
2
√
ε2b − d− 2εb − b
√
ε2b − d
.
(34)
The physical parameters in the effective Hamiltonian
can be fixed by matching single- and two-body physics
with the original quasi-1D Hamiltonian. Specifically, we
require the effective Hamiltonian to give the same single-
particle dispersion, two-body bound state energy, and the
population of atoms in the transverse ground state as the
original model. Under these conditions, we get
λ′ = λ,
h′ = h,
V −1p = 2pi(U
−1
p − Cp),
δp = εb − σp(εb)
∂P(εb)/∂εb
[
1− σp(εb)
U−1p − Cp
]
, (35)
α2p =
1
2pi∂P(εb)/∂εb
[
1− σp(εb)
U−1p − Cp
]2
.
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FIG. 1: Variation of parameters δp, αp and Veff in 1D effective
Hamiltonian as functions of at/as.
Here, the parameters are defined as
Cp = Sp(εinfb )− σp(εinfb ),
P(εb) = 1/Veff − Sp(εb) + σp(εp), (36)
Veff = Up −
g2p
νp − E ,
and εinfb denotes the two-body bound state energy in
quasi-one dimension for νp →∞.
In Fig. 1, we plot the parameters δp, αp and Veff ≡
Vp−α2p/(δp−εb) for 40K and 6Li by tuning through a wide
Feshbach resonance. The scattering parameters are taken
as W = 8 G, abg = 174aB , µco = 1.68µB for
40K and
W = 300 G, abg = −1405aB , µco = 2µB for 6Li, where
aB is Bohr radius and µB represents Bohr magneton.
With a typical transverse trapping frequency ωx = ωy =
2pi × 62 kHz, the dimensionless physical parameters are
then given by gp = 23 (272), Up = 1.7 (−5.5) for 40K
(6Li) [24, 26]. The qualitatively difference of δp and αp
is mainly due to the difference in sign of their individual
background interaction.
IV. SCATTERING STATES AND THE
SINGLE-CHANNEL EFFECTIVE HAMILTONIAN
In this section, we focus on the energy regime above
the threshold, and derive a 1D effective model by analyz-
ing the two-body scattering state. In this case, since a
6two-body bound state is absent, the transverse trapping
potential remains the largest energy scale such that the
population of all transverse excited states are negligible
as varying the 3D scattering length. Thus, these high
energy degrees of freedom can be dropped out when an-
alyzing low-energy physics, and a single-channel form is
sufficient for a 1D effective Hamiltonian.
From Eq. (18), the behavior of 〈0, 0|g(εc; r,0)|0, 0〉 at
vanishing r associated with a two-body scattering state
with energy εc reads
lim
r→0+
〈0, 0|g(εc; r,0)|0, 0〉 = 1
2pii
√
εc
−F(εc), (37)
where the function F is defined as in Eq. (21). Following
a similar approach as outlined in the previous section, we
obtain the contribution to the Green’s function induced
by the presence of SOC,
Ss(εc) = 1
2pi2
∞∑
s=0
∫ ∞
0
dx
b
√
x
bx+ d
×
[
as + i0
+ − x
(as + i0+ − x)2 − (bx+ d) −
1
as + i0+ − x
]
.
(38)
By substituting Eqs. (37), (38), and (11) into the Bethe-
Peierls boundary condition Eq. (5), we can determine the
coefficient A(c)
A(c) =
−2pi3/2〈0, 0|ψ(0)c (0)〉
−iε−1/2c − (as−1 − C)− L (−εc/2) /
√
2 + 2piSs(εc)
(39)
The scattering amplitude f between the incident state
|ψ(0)c 〉 and the energy conserved output state |ψ(0)c′ 〉 is
defined as
f(c′ ← c) = −2pi2〈ψ(0)c′ (0)|0, 0〉A(c). (40)
In the low-energy limit εc → εth, this 1D scattering am-
plitude can be expressed as
f(c′ ← c) = − 1
1 + i
√
εca1D
, (41)
where the 1D scattering length takes the form
a1D = −a
2
t
as
{
1− as
at
[
2piSs(εc)− ζ (1/2, 1− εc/2)√
2
]}
.
(42)
Here, we have brought back the unit of length to give a
complete expression.
To derive a 1D effective Hamiltonian, we notice that
the 1D scattering length, and hence the solution of two-
body scattering states, can be reproduced by considering
a 1D pseudo-potential
U1D(x) = g1Dδ(x), (43)
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FIG. 2: Variation of CIR position at/as as functions of (a)
Zeeman field intensity h and (b) SOC strength λ.
where the coupling strength is
g1D(x) = − ~
2
ma1D
. (44)
By further matching the single-particle dispersion, we
obtain the 1D effective Hamiltonian in a single-channel
model form,
Hˆsceff = −
∂2
∂x2
+ λ
∑
j=1,2
[qx
2
+ (−1)jkx
]
σ(j)x
+ h
∑
j=1,2
σ(j)z + U1D(x). (45)
V. CONFINEMENT-INDUCED RESONANCE
The confinement-induced resonance is defined as a 1D
resonance where the scattering amplitude f = −1, in-
dicating a complete reflection with a1D = 0. Thus, the
position for the CIR to take place can be derived from
Eq. (42), leading to [30]
at
as
= 2piSs(εth)− ζ [1/2, 1− εth/2]√
2
. (46)
In Fig. 2, we show the position of CIR by varying the
intensities of effective Zeeman field h and SOC λ. For a
7given SOC strength, at/as increases monotonically with
the effective Zeeman field, as shown in Fig. 2(a). In the
zero-field limit, since the SOC corresponds to an Abelian
gauge field and can be dropped out from the problem via
a unitary transformation, the position of CIR reduces
to the known result of at/as = ζ(1/2, 1) ≈ 1.0326 for
the case without SOC [23]. For a given effective Zeeman
field, at/as decreases monotonically with increasing SOC
intensity, as shown in Fig. 2(b). Notice that in the large
SOC limit, the effect of Zeeman field becomes negligible,
such that the position of CIR takes the same value of
at/as = ζ(1/2, 1) as in the zero-field limit. On the other
hand, as the SOC strength tends zero, the position of
CIR approaches to a limiting value, which is different
from the result of the zero-SOC case, and depends on
the intensity of the effective Zeeman field. In fact, since
SOC mixes the two spin states, the two-body threshold
energy will presents an abrupt change in the presence of
an infinitesimally small SOC, leading to a finite shift of
the position where CIR takes place.
In the case without spin-orbit coupling, CIR can be un-
derstood as a Feshbach resonance which happens when
the continuum threshold of the open channel, which cor-
responds to the transverse ground state, degenerates with
the two-body bound state energy of the closed channel,
which consists all transverse excited states [29, 31]. In
the presence of SOC, the two-body bound state energy
εe within the closed channel can be derived using the
same approach as in Sec. III, leading to
1
as
= 2piSe(εe)− ζ [1/2, 1− εe/2]√
2
, (47)
where the function Se takes the form
Se(εe) = 1
2pi
∞∑
s=1
b
Esb+ d
×
{√
2γ − 2Es − b [2d− b (γ − Es)]
4Esb+ b2 + 4d
−
√
−Es
}
(48)
with γ =
√
E2s − d, Es = εe − 2s, b = 4λ2 and d = 4h2.
In Fig. 3, we plot the solution of εe as a function of
at/as for a various combination of SOC intensity and
the strength of the effective Zeeman field. From these
results, we have confirmed that the crossing point of εe
and the open channel threshold εth (denoted by dotted
lines in Fig. 3) exactly coincides with the position of CIR.
This observation indicates that the understanding of CIR
as a Feshbach resonance is still valid in the presence of
SOC.
VI. SUMMARY
In this manuscript, we study the two-body problem
of spin-1/2 fermionic atoms confined in a quasi-one-
dimensional harmonic trap with NIST-type spin-orbit
- 1 0 1 2 3- 1 0
- 8
- 6
- 4
- 2
0
 e
(-
th)/(

)
a t / a s
 λa t = 1 . 0 , h / (  ) = 0 . 0 λa t = 1 . 0 , h / (  ) = 1 . 0 λa t = 1 . 0 , h / (  ) = 2 . 0
 b
 
 
C I R s( a )
- 1 0 1 2 3- 1 0
- 8
- 6
- 4
- 2
0
(-
th)/(

)
a t / a s
 λa t = 0 . 0 , h / (  ) = 1 . 5 λa t = 0 . 5 , h / (  ) = 1 . 5 λa t = 1 . 5 , h / (  ) = 1 . 5
( b )
 e b
C I R s
 
 
FIG. 3: Two-body bound state energies εb and εe as functions
of at/as by varying (a) the effective Zeeman field with a given
SOC intensity and (b) the SOC intensity with a given effective
Zeeman field. The crossing points of εe and open channel
threshold εth (dotted) indicate the position of CIR to take
place.
coupling, and derive one-dimensional effective Hamilto-
nians for all energy regimes. For energy regime close to
the two-body bound state energy, since the transverse
excited states can be significantly populated at unitar-
ity of even on the BCS side of a Feshbach resonance,
the 1D effective model takes a two-channel model form
where the atoms in the transverse ground state assumes
the open channel, while the Feshbach molecules and the
atoms in the transverse excited states are represented by
structureless bosons in the closed channel. The parame-
ters in this effective Hamiltonian are fixed by matching
single- and two-body physics, This effective Hamiltonian
can be used to investigate pairing physics within such a
system where the fermionic chemical potential is close to
one half of the two-body bound state energy.
For energy slightly above the continuum threshold, the
population of transverse excited states remains negligi-
ble such that these degrees of freedom can be safely ig-
nored when discussing low-energy behavior of the sys-
tem. Thus, we write down the 1D effective model in a
single-model form, where the coupling constant of the
1D pseudo-potential is determined by the 3D scattering
length and transverse trapping potential. This model is
useful when analyzing the scattering processes or low-
8energy physics on the upper repulsive branch of a Fes-
hbach resonance. We also discuss the effect of SOC on
the position of confinement-induced resonances, where
the system undergoes a complete reflection. Further-
more, we show that in the presence of NIST-type SOC,
CIR can still be understood as a Feshbach resonance
where the continuum threshold of the transverse ground
state degenerates with the bound state energy of the
closed channel consisting of all transverse excited states.
Considering the experimental realization of quasi-one-
dimensionality and SOC in fermionic systems, the shift
of CIR position induced by SOC can be detected using
present technology at attainable temperatures.
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